Solution Sheet

1. The area under the curve is given by — f_12 (x +3) (z — 3)da:
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2. The area under the curve is given by — fol (z+1) (xz—2)da:
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3. The area under the curve is given by f:j —(z4+4)(x+1)da:
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4. The area under the curve is given by — fi3 (x—1)(z+5)da:
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5. The area under the curve is given by — ffl (x +2) (x — 5)da:
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6. Drawing a sketch, we see that the curve is above the z-axis for —2 <z < —1.

x
Y
Therefore the area is given by
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7. Drawing a sketch, we see that the curve is below the z-axis for —2 < z < 0.

A

Therefore the area is given by

—/O (e +4)x(z—3)de
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8. Drawing a sketch, we see that the curve is below the z-axis for —1 < z < 1, and above the axis for 1 < z < 3.

Therefore the area is given by
A=A+ A

where

1 1 1
1 1
Alz—/ —(x—l—l)(a:—l)(m—?))dx:—/ —x3+3x2+x—3dw:—[—41‘4—1—1‘34—2352—34 =4
-1 -1 —1

3 3 3

1 1
A2=/ —(x+1)(x—1)(az—3)dm=/ —x3+3x2+x—3dx:{—43:4—#3:34—2952—34 =4
1 1 1

Hence,
A=A1+A,=4+4=8
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9. Drawing a sketch, we see that the curve is below the z-axis for —2 <z < 1.

[E R p——

Therefore the area is given by
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10.

11.

Drawing a sketch, we see that the curve is above the z-axis for —2 < z < 0, and below the axis for 0 < z < 2.

Aky
« - ? >
Y I
Therefore the area is given by
A=A+ A
where
0 0 1 1 52
Ay :/ (a:+3)a:(a:—4)d:c:/ 23— 2% —12zde = |~a2t — -2 — 627 =
-2 -2 4 3 2 3
2 2 2
1 1 68
As :—/ (x+3)z(x—4)de = —/ 23 —2? —12zde = — |-2t — —2® — 622 = —
0 0 4 3 o 3
Hence,

2
A:m+@:%+§:m

First, we label the sketch:

[JCY] S -
8

The curve and line intersect when:

(x+5)(r+1) =bx+17
0=—z+12 — 22
0=4+z)(3—2)
r=-4, 3

VL874998-S (©) www.onemathsquestions.com 2017 student: Any



We see that the top curve is y; (z) = 52 + 17, and the bottom curve is yo(z) = (z 4+ 5)(z + 1). Therefore the area

1S
3
/ (Y1 — y2)
—4

3
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/
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12.  First, we label the sketch:

The curve and line intersect when:

—(z+2)(x—4)=—-2x+3
0=—4z — 5+
O0=(z+1)(x—5)
r=-—1,5
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We see that the top curve is y1(x) = —(z + 2)(x — 4), and the bottom curve is ys(x) = —2z + 3. Therefore the
area is

5 5
/(yl—yg)dx:/ —(z+2)(x—4) — (22 +3)dz
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13.  First, we label the sketch:

The curve and line intersect when:

(x+5)(z+2)=4z+ 14
0=—3z+4—2?
0=4+2z)1—2x)
r=-4,1
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We see that the top curve is y; (z) = 42 + 14, and the bottom curve is yo(z) = (z + 5)(z + 2). Therefore the area
is

1 1
/(ylfyg)da::/ (dx+14) — (z+5) (z + 2) dz
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14.  First, we label the sketch:

R R

The curve and line intersect when:

—(z+2)(z+1)=—-2-10
0=2z—8+a?
O0=(z+4)(x—2)
x=—4, 2
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We see that the top curve is y1(x) = —(z + 2)(x 4+ 1), and the bottom curve is ys(x) = —z — 10. Therefore the

area is
2
/ (Y1 — y2) dz
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15.  First, we label the sketch:

The curve and line intersect when:

z(r—3)=—-bxr+8
0=—2z+8 —a?
0=(4+2)2—a)
r=-—4, 2
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We see that the top curve is y; () = —5z 4 8, and the bottom curve is yo(z) = z(x — 3). Therefore the area is

/_24(311—y2)dx=/_24(—555—1-8)—95(95_3)(136

1 141 1 4]
= *2X7XI +8l‘**x
111 37,

1 1
- 1><22+8><2+3><23) <(4)28x43(4)3>

= 36

16.  First, we label the sketch. The curve intersects the z-axis at © = —4, 3, and the line intersects the z-axis at
x = 0. The curve and line intersect when:

—(z+4)(x—3)=—-2x
0=-—z—12+2°
0=(zx+3)(x—4)
r=-3, 4

and substitution into either equation gives the intersection points as (—3,6), (4,—8). By looking at the sketch,
we see that the region is bounded by the points (0,0),(3,0) and (—3,6).

4
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By dropping a line from the intersection point to the x-axis, we make a triangle. The triangle has base 3 and
height 6, so has area A; = 9.

If we add the triangular area to the shaded region, we get a region bounded by the curve and the x-axis, which
we can find by integration.

The curved area is given by

3
:/ (x+4)(x—3)dx
3
3
:/ —z? —z+12dx
3
1 3
Lol +12z| =54
3 2 5

Therefore the shaded area is
A:AQ—A1:54—9:45

17.  First, We label the sketch. The curve intersects the z-axis at x = —4, 2, and the line intersects the z-axis at
r = —%. The curve and line intersect when:

—(z+4)(x—2)=—-3x—4
0=—2—12+4 22
0= (z+3)(x—4)
r=-3, 4

and substitution into either equation gives the intersection points as (—3,5), (4, —16). By looking at the sketch,
we see that the region is bounded by the points (—3,0), (2,0) and (4, —16).

VL874998-S (©) www.onemathsquestions.com 2017 student: Any



A
y

L

Y

By dropping a line from the intersection point to the x-axis, we make a triangle which contains the shaded
region. The triangle has base 18 and height 16, so has area A; = 158

The remaining curved area is bounded by the curve and the z-axis, which we can find by integration. The curved
region is below the axis, so the area is given by

4
/ (x+4)(z—2)dz
2

4
/ —2% -2z +8dx
2

4
13 44
—3 8 _ -
3 :E+17L 3

Therefore the shaded area is 198 44
A:Al—AQZ?—§:28
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18.  First, we label the sketch. The curve intersects the z-axis at * = —5, 4, and the line intersects the z-axis at
T = % The curve and line intersect when:

—(z+5)(x—4)=-3x+5
0=—22—15+ 22
0=(z+3)(x—5)
r=-3,5

and substitution into either equation gives the intersection points as (—3,14), (5, —10). By looking at the sketch,
we see that the region is bounded by the points (3,0),(—5,0) and (-3, 14).

L Y

w | Tt

Y

If we drop a line from the intersection point to the x-axis, we divide the region into two areas: a triangle, and a
region which is bounded by the curve and the x-axis. The triangle has base 13—4 and height 14, so has area A; = 93—8.

The curved area is given by

1, 1, 46
=|—=x°— = 20 = —
[ 37 T T T3
Therefore the shaded area is
98 46
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19.  First, we label the sketch. The curve intersects the z-axis at = —3, —1, and the line intersects the z-axis at
T = —% The curve and line intersect when:

—(z+3)(z+1)=-52-9
0=—2—6+2>
0= (x+2)(x—23)
r=-2,3

and substitution into either equation gives the intersection points as (—2,1), (3,—24). By looking at the sketch,
we see that the region is bounded by the points (—2,0), (—1,0) and (3, —24).

Y

A

A\ 4

S G R

Y

By dropping a line from the intersection point to the z-axis, we make a triangle which contains the shaded

region. The triangle has base % and height 24, so has area A; = %.

The remaining curved area is bounded by the curve and the z-axis, which we can find by integration. The curved
region is below the axis, so the area is given by

A2/3 —(z+3)(x+1)dx

-1

3
:—/ —2? — 4z — 3dx
-1

Therefore the shaded area is 988 119 304
A=A - A= — — — = —
5 3 15
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20. First, we label the sketch. The curve intersects the z-axis at x = —4, 4, and the line intersects the x-axis at

T = 17. The curve and line intersect when:
(x+4)(x—4)=—-11+4z
0=>544x — 22
0=(142z)(5—=x)

z=-1,5

and substitution into either equation gives the intersection points as (—1,—15),(5,9). By looking at the sketch,
we see that the region is bounded by the points (4t,0), (4,0) and (-1, —15).

Yy

A

Y

By dropping a line from the intersection point to the z-axis, we make a triangle. The triangle has base % and
height 15, so has area A; = %.

If we add the triangular area to the shaded region, we get a region bounded by the curve and the x-axis, which
we can find by integration.

The curved region is below the axis, so the area is given by

Agz_/4 (@ +4) (x — 4)dz

-1

4
= —/ z? —16dx
—1
4
1
= - [x?’ - 161“} 175
3 -1

Therefore the shaded area is 175 995 95
AZAQ—Alz?—izi
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21.  The curves intesect when
(z+d)(z-1)=—(z+4)(z+1)(z—-1)
—(z+1)=1
=2
2 1
/ (top curve — bottom curve) dz As = / (top curve — bottom curve) dz
4 2
2 1
:/ z+4)(z-1)+(z+4) (z+1)(x—1)dx :/ —(z+4)(z+1)(z-1)—(z+4) (z—1)dz
4 2
2 1
:/ 522 4+ 2z — 8+ 23 da :/ —z3 — 522 — 22 + 8dzx
4 -2
2 1
= §x3 278x+1x4 = 71x47§x37x2+8:c
3 Tl 1" 73 .
_16 _ 63
-3 4
Therefore,
16 63 253
A=A1+Ay= —+ — = —
1+ A2 3 + 1 D
22.  The curves intesect when
—(z4+4)(@-1)=(z+4) (z+1)(z-1)
—(z+1)=1
T=-2

(top curve — bottom curve) da

3+ 52?2 + 22 — 8dx

-2

2+ :r+:r — 8z
—4

Therefore,

A=A+ Ay =

VL874998-S (©) www.onemathsquestions.com 2017

(z4+4)(z+1)(z—-1D+(z+4)(xz—1)dx

1

Ay = / (top curve — bottom curve) dz
2
1
:/ @t )@ —1)— (@ +4) (1) (@ —1)dz
2
1
:/ 522 — 22 +8—23da
-2
1
_ D 23 2 L4
—{ 3 z° + 8« 4x B
6
4
16 63 253
3 4 12
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23.  The curves intesect when

r—1=1
=2
2 4
Ay = / (top curve — bottom curve) dz Ay = / (top curve — bottom curve) dz
2 4
= [ @D e e el = [~ E-DE- Nt @) @ )de
-1 2
2 4
z/ —52% + 2z 4+ 8+ 22 dx :/ —a3 4+ 52% — 22 — 8dzx
-1 2
4
5 3 2 142 :_14§3_2_8
= {3x +at 8z + o » PR x ,
63 _ 16
Therefore,
63 16 253
1+ A2 1 + 3 D

24.  The curves intesect when

—(x-3)=1
=2
2 5
Ay z/ (top curve — bottom curve) dz AQZ/ (top curve — bottom curve) dz
2 5
— [ D@9+t @-5)ds — [t DE-3E@-5) - @+ D@5 ds
-1 2
2 5
z/ —62% + 3z + 10 4 23 dz =/ —23 4 622 — 3z — 10dz
-1 2
2 1 3 5
3 1 4 3 2
—98 4 242 fape = | =2+ 247 — 2% — 10
—{ 2z +29c +10x+4:r » [ 15 + 2z 5% 3:2
81 _8
Therefore,
81 81 81
A—A1+A2—Z+I—?
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25.  The curves intesect when

5

I
m\hm

(top curve — bottom curve) dz Ay (top curve — bottom curve) dz

—2% 4+ 322 + 18z — 40 dz

—32%2 — 182 4+ 40 + 23 dz
4

P 5

=
/ (@ +4)(z—5)+ (2 +4) (- 3) (z — 5)dz
/
-
=216

1 1
= |—2% — 922 + 40z + ~z* :[ 1 44 2% + 922 — 40z
4 4 2

_ 135

4

Therefore,
1
A= A1+A2—216+%:929

26.  First we find the equations of the normals. The gradient of a tangent to y = %xz is

dy
dr
Therefore the gradient of the normal at x = —1is 1, and at z =11is —1
y—y1=m(z—x1) y—y1=m(z—21)
1 1
y—5=u-1x(-1) y—5=—(a-)
+ > + >
=T — = —XI —
y 5 4 2
The lines intersect when
r+ - =—-xr+ §
2 2
=0
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Now we sketch the curve:

Ay | As

\
|
[—
—
A

By symmetry,

5
A=Ay = A=A1+A2=6+

| ot
w

27.  First we find the equations of the normals. The gradient of a tangent to y = %zQ is

dy .
dz
Therefore the gradient of the normal at x = —2 is %, and at x =11is —1
y—y1=m(z— 1) y—y1=m(z— )
1 1
y-2=3(@-(-2) y—5=—(-)
= 11’+3 —_x_;’_§
v=73 v= 2
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The lines intersect when

Now we sketch the curve:

-1
A= / (top curve — bottom curve) dz
—2

-1
1 1
:/_2 (2x+3> —§x2dx

-1
1 1
z/ —r+3— -rde

5 2 2
—1
1 1
=[]
_13
12

Therefore,

1

Ay = / (top curve — bottom curve) dz
-1
1
3\ 1,
= - — | —=z°d
NG R
1
31,
= - - — —x°d
/71 x+2 233 x
1
1,83 1,
—[ 2" " 64_1
_8
3
13 8 15
12 3 4

2 .

28.  First we find the equations of the normals. The gradient of a tangent to y = %x is

dy _ 1
de 2
Therefore the gradient of the normal at xt = —2is 1, and at z = 1 is —2
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y—yr=m((x— 1) y—y1=m(x—x1)
y—l=az-1x(-2)

1
y—5=-2(@-1)
y=z+3 4 9
= —2 —
Y x+4
The lines intersect when
T+3=-2x+—
1
r=—=
4
Now we sketch the curve:
Y
A
1 "
\ 4
1 1
/ (top curve — bottom curve) dz Ay = / ) (top curve — bottom curve) dz
-1
% ! 9\ 1,
% ! 9 1
:/ T+3— xdx z/i—2x—|—4—4w2dx
-4 10"
o 3 N . Yo =3
_[2x + 3z — 2% ]2 [x—|—4x 123:]3;
2009 1375
768 768

Therefore,
2009 1375 141

A=ditde=—o+ = = 30

VL874998-S (©) www.onemathsquestions.com 2017 student:



2

29.  First we find the equations of the normals. The gradient of a tangent to y = ix is

dy 1
~_
de 2
Therefore the gradient of the normal at x = —1is 2, and at z =1 is —2

1
y—7=2(—(-1) y-7=-2@-1)
9 9
y:2x+1 y:—2x+1
The lines intersect when
9 9
2 - =-2 -
T + 1 T+ 1
z=0
Now we sketch the curve:
Y
Al A
1 1 €
0
A = / (top curve — bottom curve) dz
-1
/_1 ( T + 1 41‘ T
0
9 1
= [ 204> —-2°d
[1 T+ 1 4:1: T
0
9
_ 2, 7. =3
-l ew]
_7
6
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By symmetry,

7
A=Ay = A:A1+A2:6+

30. First we find the equations of the normals. The gradient of a tangent to y = %x

(=2

7
3

2 s

dy _ 2
dz 3
Therefore the gradient of the normal at x = —3 is %, and at = 2 is —%
y—y1=m(x—x1) y—y=m(z—x1)
1 4 3
—_ = — —_|{— _——_——= == — 2
y-3=5 (- (-3) =2 @-2)
*1x+g *f§z+g
YT V=74
The lines intersect when
n 3 n 17
o4l =2t
4 6
4
r=—
3

Now we sketch the curve:

4
~3
A = / (top curve — bottom curve) dz

Il
b
ol
7N\
N | =
&
+
N | ©
"
|
W =
&
(V)
o
5]

|
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Therefore,

2875 3625 125
A=A+ Ay = =2 4 2020 229
1A= TR T 12
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